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Motivating Question

What does it mean mathematically to evolve a space ? Our answer to this question
determines how we describe many systems, from the spread of disease to black holes.

Christian B. Hughes An Introduction to IETs Janov, May 2025 2 / 23



D
ra
ft

A House
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One Step
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Two Step
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Red Step
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Red Step
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What Is a Dynamical System ?

We have mentioned moving a point through space. Let us give this a mathematical
framework.

Definition (Informal)

A dynamical system is a pair (X ,T), where X is a set and T ∶ X → X

The map T can have many requirements, from preserving the ”size” of things in X
nicely to ensuring the spatial properties of X do not ”break” under T , depending on
what we choose those size and spatial properties to be.

Notation

For n ∈ N0, we denote n compositions of T with itself by T n. By convention, T 0 denotes
the identity on X .
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More About T

Often, we would like to be able to look at a point x ∈ X and ask ”where was x before
the latest application of T ?”

The ability to answer this question, in our context, is
equivalent to having an invertible T . From now on, we will assume T to be invertible,
and we will denote this inverse by T−1.

Notation

For n ∈ Z−, we denote n compositions of T−1 with itself by T n.

As a consequence of the nice notation we have chosen, we can now manipulate
expressions like TmT n as we would exponents, keeping the definitions in mind.
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Orbits

Thanks to the definitions and intuition we have developed, we can now associate, with
every point x ∈ X , a history of where it will go and where it has been.

Formally, we call
this the orbit of x .
Definition

Let (X ,T) be a dynamical system. Let x ∈ X . We define the positive orbit of x to be the
set O+(x) = {T n(x) ∶ n ∈ N0}. When T is invertible, we define the orbit of x to be the
set O(x) = {T n(x) ∶ n ∈ Z}.

Note : the makers of Orbit gum were very likely not inspired by maps in dynamical systems.
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What Does It Mean To Rotate a Circle ?

r = 1
2π
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What Does It Mean To Rotate On a Circle ?
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Unfurling the Circle

T

z T(z)T 2(z)
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Unfurling the Circle

T

z T(z)T 2(z)

T 3(z) T 4(z)T 5(z)
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Interval Exchange Transformations

Definition (informal)

An interval exchange transformation (IET) is a map T ∶ [a,b) → [a,b) defined by T(z) =
z + τa if z ∈ Ia, where τa is the horizontal translation for all z ∈ Ia such that subintervals
are swapped (i.e. our mapping remains bijective and subintervals remain contiguous).

Ia Ib Ic Ida b

T(Ib) T(Ic) T(Ia) T(Id)

T

Note : it is natural to then associate a permutation π of the interval labels to an IET.
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What Does It Mean For an IET To Be ”Nice ?”

We will define two terms.

Definition

Let T ∶ [a,b) → [a,b) be an interval exchange transformation. We say that T is regular
if, for every letter-labeled subinterval [xi , xi+1) in [a,b) with xi ≠ a, ⋂i O(xi) = ∅. The
latter equality is known as the ”infinite disjoint orbit condition,” or i.d.o.c. for short.

Is this IET regular ?

Ia Ib Ic Ida b

T(Ib) T(Ic) T(Ia) T(Id)

T

No ! The rightmost intervals on the top and bottom overlap, and their left endpoints
share the same orbit !
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What Does It Mean For an IET To Be ”Nice ?” Cont.

Definition

Let T ∶ [a,b) → [a,b) be an interval exchange transformation. We say that T is minimal
if, for any x , y ∈ [a,b), and for any ε > 0, there exists some n ∈ Z such that ∣T n(x)−y ∣ < ϵ.

What is the relationship between regularity and minimality ?

Theorem (Keane)

Let T ∶ [a,b) → [a,b) be an interval exchange transformation. If T is regular, T is
minimal.

Is the converse true ? No !
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Mixing Orbits and Letters

We have labeled our IETs’ intervals. While we partially did this for convenience, it was
primarily so that we could assign a language to them. We now demonstrate how this can
be done.

a b

b a

T

z

T(z)T 2(z) T 3(z) T 4(z)T 5(z)
a b

b a

Abusing notation slightly,

OT (z) = a

baaba . . .
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The Language of an IET

Definition (informal)

Let T ∶ [a,b) → [a,b) be an interval exchange transformation. Let x ∈ [a,b). If T is
minimal, we define the language L(T) of T to be the set of factors of OT (x). If T is
not minimal, we define its language L(T) to be the union over all x ∈ [a,b) of finite
contiguous blocks of OT (x).

Example

In the previous IET, we had OT (z) = abaaba . . . . We see that aab is in the language of
this IET, but aaaaa and abaaba . . . are not.
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Return Words

Definition (informal)

Let T ∶ [a,b) → [a,b) be an interval exchange transformation. Let x ∈ [a,b). Consider
the language L(T) of T . Let w ∈ L(T). A (right) return word u to w in L(T) is a word
such that wu ∈ L(T) has exactly two occurrences of w (at the beginning and at the end).

Example

In the language abaaba . . . , we have that aab is a return word to ab.
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The Return of the Burrows-Wheeler Transform

The Burrows-Wheeler transform gives us a nice way to characterize how ”nice” certain
factors in a language are.

Question

Consider a regular IET T . Is it true that all return words in L(T) are clustering ?

Yes ! But can we say more ? What kind of clustering do the return words exhibit ? At the
moment, more about the specific type of clustering of the return words is unknown.
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Staring Down the IET Abyss

The world of IETs is much larger than the island we have loosely charted today. For
example, all of the following are currently being studied from multiple mathematical
perspectives :

● Equivalent IETs on subintervals of [a,b)

● IETs with flipping intervals

● IETs with wandering orbits

● GIETs

● and much more !
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