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Algebraically Describing the Example

Suppose the previous circle has circumference 1. We define

T ∶ [0,1) → [0,1), T(z) = (z + α) mod 1,

where α is the distance the points z were rotated along the circumference of the circle.

This can be viewed as an exchange of two intervals.

Question : Can we exchange more than two intervals ?
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An Exchange of Four Intervals

Ia Ib Ic Id

T(Ib) T(Ic) T(Ia) T(Id)

T

Note that the permutation on the letters is π = (a b c d

b c a d
).
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Interval Exchange Transformations

The previous examples lead us to the following definition.

Definition (interval exchange transformation)

Let I = [ℓ, r) be a real interval, with ℓ < r . Let A = {a1 < . . . < an} be an alphabet, and
let P = {Ia1 , Ia2 , . . . , Ian} be a partition of I into n ≥ 1 intervals of the form Iai = [zi , zi+1),
ℓ ≤ zi < zi+1 ≤ r , 0 ≤ i ≤ n − 1.
Suppose π ∈ SA. The map T ∶ [ℓ, r) → [ℓ, r) defined by T(z) = z + τa, z ∈ Ia, where
τa = ∑π−1(b)<π−1(a)∣Ib ∣ − ∑b<a∣Ib ∣, is called an n-interval exchange transformation.

The points zi in the above definition, excluding ℓ, are called the formal discontinuity
points of T .

Note that interval exchange transformations are invertible. Why ?

We denote n compositions of T with itself by T n. By convention, T 0 denotes the
identity on I .

We often abbreviate ”n-interval exchange transformation” by ”n-IET.”
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Describing IET Behavior

Given an n-IET on an interval I , points of I can traverse the sub-intervals of I differently
under T . Thus, we would like to describe how individual points z ∈ I behave under T .

Definition (orbit of a point)

Let T be an IET on I . The orbit OT (z) of a point z ∈ I under T is the set OT (z) =
{T n(z) ∣n ∈ Z}.

Orbits do not see the order of interval traversal of a point under T . The following
related notion does.

Definition (trajectory of a point)

Let T be an IET on I , where I is partitioned into the sub-intervals Ia1 , . . . , Ian ⊂ I . The tra-
jectory ΩT (z) of a point z ∈ I under T is the (right-infinite) word ΩT (z) = b0b1 . . .bj . . .,
where bj = a if T j(z) ∈ Ia.
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More on Trajectories

Let us trace a trajectory starting from a point z ∈ Ia.

Ia Ib Ic Id

T

z

T(z)T 2(z)T 3(z)T 4(z)

ΩT (z) = a

ccbb . . .
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Trajectories May Vary

Now let us instead trace a trajectory starting from a point z ∈ Id.

Ia Ib Ic Id

T

z

T k(z) = z , ∀k ∈ Z

ΩT (z) = d

d . . .
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Minimal Interval Exchanges

The following notions will be useful for future definitions.

Definition (minimal interval exchange)

An IET T is said to be minimal if, for all z ∈ I , OT (z) is dense in I .

Informally, an interval exchange T is minimal if, given any two points x , y in the
interval, repeated applications of T (or its inverse) bring x arbitrarily close to y .

Is there a stronger constraint we can place on only finitely many points that would imply
minimality ?

Definition (regular interval exchange)

An IET T is said to be regular if the orbits of all formal discontinuity points are infinite
and pairwise disjoint.

A regular IET is always minimal, but the converse is not true.
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Interval Exchange Guessing Game

T

Question : Regular, minimal, or neither ?

Answer : Regular (and thus also minimal).
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Languages of Interval Exchanges

Using trajectories, we can associate a language to any interval exchange transformation.

Definition (language of a trajectory)

Given an IET T and a point z , the language L(ΩT (z)) of the trajectory ΩT (z) is the set
of all finite factors of the infinite word ΩT (z).

Definition (language of an IET)

The language L(T) of the IET T ∶ I → I is the set

L(T) = ⋃
z∈I

L(ΩT (z)).

We will return to L(T) when discussing return words and induction.
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Intervals Associated to Factors

Given an IET T on I and a word w ∈ L(T), we can associate a sub-interval Iw ⊂ I to w .

Definition (cylinder)

Given an IET T on I and a word w = w0w1 . . .wn−1 ∈ L(T), the cylinder associated to w
is the interval

Iw = Iw0 ∩T
−1(Iw1) ∩ ⋯ ∩T

−(n−1)(Iwn−1).
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First-Return Maps

T

y T(y)T 2(y)

Question : How long do points in the green and magenta parts take to return to the
blue interval ?

Answer : Points in the green part return in one step, while points in the magenta part
return in two steps.
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First-Return Maps

Motivated by the previous example, we note that the return behavior of interval
exchanges partitions intervals into constituent sub-intervals.

Definition (first-return time)

Let T be an IET on I with I ′ ⊂ I a sub-interval of I , and let z ∈ I ′. The first return time
of z to I ′ under T is the positive integer

νI ′,T (z) = min{n > 0 ∣T n(z) ∈ I ′}.
The map νI ′,T ∶ I ′ → Z+ is called the first-return time map of T to I ′.
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Induced Maps

How can we focus the study of the dynamical behavior of an interval exchange to a
specific sub-interval ?

Definition (induced interval exchange)

Let T be an IET on I , with I ′ ⊂ I a sub-interval of I . The transformation induced by T
on I ′ is the map T ′ ∶ I ′ → I ′ defined by

T ′(z) = T νI ′,T (z)(z)
for points z ∈ I ′.
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Induced Rotations

T

Ia Ib

T(Ib) T(Ia)
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A Larger Example

T

Ia Ib Ic Id

T(Ib) T(Id) T(Ia) T(Ic)

T ′

I ′a I ′b I ′c I ′d

T ′(I ′b) T ′(I ′d) T ′(I ′c) T ′(I ′a)

In this example, we induce on the interval Ia ∪ Ib ∪ Ic ∪ I ′d .
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Induction is Not Always Nice

T

Ia Ib Ic Id

T(Ib) T(Id) T(Ia) T(Ic)

T ′

I ′a1 I ′b1 I ′b2 I ′c1 I ′c2 I ′d1

I ′b2
I ′d1

I ′c2
I ′b1

I ′a1
I ′c1
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(Right) Rauzy Induction

Definition (Rauzy induction)

Let T be a regular n-IET α and β be the rightmost letters in the top and bottom rows.

If ∣Iα∣ > ∣Iβ ∣, then the Rauzy induction of T is the first-return map of T to

I ′ = [ℓ, r − ∣Iβ ∣).

Otherwise, the Rauzy induction of T is the first-return map of T to

I ′ = [ℓ, r − ∣Iα∣).

In other words, we compare the two rightmost exchanged intervals and remove the
shorter one from the right.
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A Rauzy Induction Example

T

Ia Ib Ic Id

T(Ib) T(Id) T(Ia) T(Ic)

T ′

I ′a I ′b I ′c I ′d

T ′(I ′b) T ′(I ′d) T ′(I ′c) T ′(I ′a)

Since ∣Id∣ > ∣Ic∣, d wins and c loses. The Rauzy-induced map is again a regular 4-IET. In fact, this

holds for any regular n-IET.
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Branching Rauzy Induction

Why only cut from one side ?

Definition (Branching Rauzy induction - informal)

Let T be a regular n-IET on I . We call the first-return map obtained by removing the
shorter of the two rightmost intervals from the right end a right Rauzy induction, and the
first-return map obtained by removing the shorter of the two leftmost intervals from the
left end a left Rauzy induction.

The branching Rauzy induction of T is the choice, at each step, of performing either a
left or a right Rauzy induction.

In other words, rather than always cutting from the right, at each step we are free to cut
from whichever side we like.

We call the right inductions ρ steps, and the left inductions λ steps.
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A Branching Rauzy Induction Example

T

Ia Ib

T(Ib) T(Ia)
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A Branching Rauzy Induction Example

T

Ia Ib

T(Ib) T(Ia)

λ(T)

I ′a I ′b

T ′(I ′b) T ′(I ′a)
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A Branching Rauzy Induction Example

T

Ia Ib

T(Ib) T(Ia)

λ(T)

I ′a I ′b

T ′(I ′b) T ′(I ′a)

ρλ(T)

I ′′a I ′′b

T ′′(I ′′b ) T ′′(I ′′a )
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Properties of Branching Rauzy Induction

Proposition (Dolce, Perrin 2018)

Let T be a regular n-IET on I . Let w ∈ L(T). There exists a finite sequence χ of ρ/λ
steps such that χ(T) is the induced transformation of T on Iw .
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Induced Interval Exchanges and Trajectories

Each induction step relates the trajectory of the induced map to the trajectory of the
original.

Proposition (relation of trajectories)

Let T ′ = χ(T) be obtained from T by a single Rauzy step χ ∈ {ρ, λ}. Then there is a
morphism φχ such that

ΩT (z) = φχ(ΩT ′(z)) for every z ∈ I ′.

If a right step keeps a and absorbs b on its right, the associated morphism is

αa,b∶a↦ ab, c ↦ c (c ≠ a).

We could also have the morphism α̃a,b∶a↦ ba.

Reading the induced trajectory and applying φχ recovers the original coding.
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Induced Interval Exchanges and Return Words

Inducing on a cylinder is related to the combinatorial structure of L(T).

Definition (return word)

Let w ∈ L(T). A (left) return word to w is a word u such that uw ∈ L(T) has exactly
two occurrences of w : once as a prefix and once as a suffix.

Inducing T on the cylinder Iw partitions Iw into sub-intervals, one for each return word
to w .

When T is regular, Iw is reached by some χ ∈ {ρ, λ}∗. Composing the step morphisms
φχ and applying the result to the induced alphabet produces precisely the return words
to w .
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Induction on Non-Regular Interval Exchanges

When two compared intervals have equal length, the Rauzy cut lands on a connection,
and ordinary induction does not work. We resolve this with the merging step.

T

Ia Ib Ic

T(Ic) T(Ia) T(Ib)

ρ(T)

I ′a I ′b

T ′(I ′b) T ′(I ′a)

Here c is absorbed into b. The corresponding morphism is b↦ bc.
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Induction on Non-Minimal Interval Exchanges

A reducible permutation has an invariant block that Rauzy and merging steps cannot
reach. We isolate it with a splitting step.

T

Ia Ib Ic

T(Ia) T(Ic) T(Ib)

S
{a}

Ia

T(Ia)

S
{b,c}

Ib Ic

T(Ic) T(Ib)
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Induction on Cylinders of IETs

Proposition (Dolce, H. 2026+)

Let T be an interval exchange transformation. Let w ∈ L(T). There exists a finite se-
quence of extended branching Rauzy induction steps χ such that χ(T) is the induced
map of T on Iw .
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